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I. INTRODUCTION 
Let G be a finite group. Let 1 -< Z,(G) < Z,(G) < ... be a series of sub- 
groups of G, where Z,(G) = Z(G) is the center of G and Zi+,(G), for i > I, 
is defined by Z,+,(G)/Z,(G) = Z(G/Z,(G)). Let H(G) == ui ZJG). The 
subgroup H(G) is called the hypercenter of G. Clearly H(G) is nilpotent and 
characteristic in G. The purpose of this paper is to prove some necessary and 
sufficient conditions for an element or a subgroup of a finite group G to lie 
in H(G). Baer [l] studied the properties of H(G) and obtained a number of 
characterizations of H(G). 0 ne of Baer’s results is the following: a p-element g 
of a finite group G belongs to H(G) if and only if g commutes with every 
p’-element of G. Now suppose that we do not require g to commute with all 
the $-elements of G but only with all the p’-elements of every soluble subgroup 
of G which contains g. We show that except when p = 2 this is sufficient 
to ensure that g belongs to H(G). A result of this kind which involves only a 
“local” hypothesis was proved by Shult [7]. He showed that an Abelian sub- 
group R of a finite group G lies in Z(G) f i and only if =1 lies in the center of 
every soluble subgroup of G which contains d. 
Let G be a finite group. Denote by E(G) the set of all subgroups of G which 
have order divisible by at most two distinct primes. For any subgroup A of 
prime power order let eA(G) be the subset of elements of g(G) which contain A. 
It follows from the celebrated pa@-theorem of Burnside that all the subgroups 
in V(G) are soluble. (See, for example, [5, p. 4921.) The main result of this 
paper is the following proposition. 
THEOREM 1. Let G be a jkite group. Let p > 2 be a prime and let A be an 
Abelian p-subgroup of G. Suppose that A < H(B) for every B Ebb. Then 
A < H(G). 
The condition that p > 2 cannot be omitted from Theorem 1; the group 
PSL(2, 31) is a counterexample. (See Section 7 for a discussion of this example.) 
As an application of the above theorem we prove the following result. 
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THEOREM 2. Let G be a finite group. Let A be a subgroup of G. Suppose 
that A n B < H(B) for every B E g(G). Then d < H(G). 
We note that in Theorem 2 the nilpotency of A is a consequence and not 
a part of the hypothesis. From this we obtain immediately the result (Corollary 5) 
that a finite group G is nilpotent if and only if every subgroup in Y?(G) is 
nilpotent. 
2. NOTATION 
ill1 groups considered in this paper are finite. We use standard notation. 
For a finite set K, we denote the number of elements of K by 1 K I. Let G 
be a group. We write H < G to indicate that His a subgroup of G and H < G 
to indicate that H < G and H # G. If H is a normal subgroup of G, we write 
H a G. 
Let p be a prime. We denote the largest normal p-subgroup of G by O,(G) 
and the subgroup generated by all p’-elements of G by Op(G). The letters 
p and q always denote primes. 
Let K be a subset of G. We denote the normalizer and the centralizer of K 
in G by N,(K) and C,(K), respectively. If K consists of a single element x, 
let Cc(x) = C,(K). We write (K) for the subgroup generated by K. 
For elements x and y of G, we denote the commutator x-ly-‘xy by [x,y]. 
If K and L are subsets of G, we write [K, L] for the subgroup generated by 
all [x, y] with x E K and y EL. For any subgroup K of G, we denote by KG 
the subgroup generated by all Kg = g-~‘Kg with R E G. 
Let S be a Sylow subgroup of G. Let X be an element or a subset of S. 
Then X is said to be weakly closed in S (with respect to G) if whenever g E G 
and X9 is contained in S, then X0 = X. 
The center and the hypercenter of G are denoted by Z(G) and H(G), 
respectively. For any subgroup K of G, let n(K) be the set of distinct prime 
divisors of / K j. Let 5??(G) be th e set of all subgroups K of G with 1 x(K)] < 2 
and, for any subgroup A of prime power order, let V,(G) be the subset of 
elements of E(G) which contain &J. 
3. LEMMAS ABOUT THE HYPERCENTER 
LEMMA 1. Let G be a finite group. A normal p-subgroup N of G lies in H(G) 
zf and only if G/Co(N) is a p-group. 
For a proof of this lemma, see Huppert [5, p. 7391 or Baer [I, Theorem 1, 
p. 381. An easy consequence of Lemma I is the following result, which is 
often more convenient to apply. 
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LEMMA 2. Let G be a finite group. d p-subgroup P of G lies in H(G) if and _ 
only if [P, O”(G)] = 1. 
Proof. Let P < H(G). Let N be a Sylow p-subgroup of H(G). Since H(G) 
is characteristic in G and N is characteristic in H(G), N is characteristic and 
therefore normal in G. It follows from Lemma 1 that G/C,(N) is a p-group. 
Thus O”(G) << C,(N) and therefore [P, O”(G)] = 1. 
Conversely, suppose that [P, O”(G)] = 1. Let S be a Sglow p-subgroup * 
of G which contains P. Then G = SO”(G), so that PC = Ps is a normal 
p-subgroup of G. It follows from [P? O]‘(G)] := 1 that [PC, Op(G)] := 1. Thus 
G/C,(PC) is a p-group. By Lemma 1, P” < H(G). Hence P < H(G). 
LEMMA 3. Let G be a $nite group. If a prime p divides 1 H(G)I, then p divides 
I Z(G)l. 
Proof. Let A’ + 1 be a Sylow p-subgroup of H(G). Then N 4 G. Let S 
be any Sylow p-subgroup of G. Then N 4 S and therefore A7 n Z(S) + 1 
[5, p. 2621. Since it follows from Lemma 1 that G == SC,(N), we have 
1 -F :V n Z(S) ::; Z(G). 
LEMMA 4. Let G be a finite soluble group and let =I be a p-subgroup of G. 
Suppose that a4 s: H(B) for every B E g;‘,(G). Then A < H(G). 
Proof. Let p, =- p, pa ,..., pk be the distinct prime divisors of j G 1. Then 
it follows from Hall’s characterization of soluble groups that there exist Sylow 
subgroups S, , S, ,..., S,,. (where Sj is a Sylow pi-subgroup of G) such that 
G == S,S, ... S, and S,S, = SiSi f or all i,j. (See, for example, [5, p. 6641.) 
M’e may assume that -4 4 S, . Since for each i we have S,S, E gA(G), it follows 
from the hypothesis that A :< H(S,S,). By Lemma 2, [A, SJ = 1 for i > 1. 
Let c,, == s, “. s,, . Then [--1, C,,] = 1. Since G = S,C,, , .1o :- AS1 is a 
normal p-subgroup of G. Let Q be any q-subgroup of G with q ti p. Then 
t --I, Q> < &gGQ E z,(G). The hypothesis together with Lemma 2 gives 
[A;I, Q] == I. Likewise we have [JO, $31 =: 1 for every 0” E G. Hence 
[,-I(;, O”(G)] = 1. It then follows from Lemma 1 that .-1 < H(G). 
4. PROOF OF THEOREM 1 
Let G be a minimal counterexample to Theorem 1. Then A f 1 and G 
has the following properties. 
(a) --1 lies in the hypercenter of every proper subgroup of G which 
contains =1. 
This follows from the minimality of G. 
(b) G has no nontrivial soluble normal subgroup. 
HYPERCENTER OF A FINITE GROUP 49 
Suppose that G has a soluble normal subgroup N f 1. Let B/N E %‘(G/N) 
be such that rZN/N < B/N. We prove that AN/N ,< H(B/N). If B < G, 
then it follows from (a) that A < H(B). Hence 
If B = G, then G is soluble and we have A < H(G) by Lemma 4 and therefore 
AN/N f H(B/N). Thus AN/N satisfies the hypothesis of the theorem with 
respect to G/N. By the minimality of G, we have .&V/N < H(G/_V). 
Let L/N be the Sylow p-subgroup of H(G/N). Then A :g L 4 G. Since 
L is soluble, it follows from Lemma 4 that -3 s: H(L), so that A lies in a normal 
p-subgroup of G. Hence Ac is a p-subgroup. An argument similar to that 
in the proof of Lemma 4 yields ;2 & H(G), which contradicts the minimality 
of G. 
(c) G = 3k’ for any normal subgroup K + 1 of G. 
Suppose that K f 1 is a normal subgroup of G. Assume that .3K < G. 
By (b), K is not a p-subgroup and so ! K ! is divisible by a prime q + p. Let 
Q be a Sylow q-subgroup of K. Since .4K < G, we have A < H(.4K) by 
(a). Let g E G. Then Q”-’ < Kg-’ =x K. By Lemma 2, [.3, p-‘] = 1 or 
[AT, Q] == 1. Hence AG << C,(Q). Since C,(Q) < G by (b), -4G is a proper 
subgroup of G. By (a), -4 -( H(dG), which implies that G has a nontrivial 
soluble normal subgroup. This contradicts (b). Hence we have G = rlk’ 
for any normal subgroup K f 1 of G. 
(d) Let S be a Sylow p-subgroup of G which contains -1. Then S lies 
in a unique maximal subgroup 111 of G. 
Let 112 be a maximal subgroup of G which contains S. Since ,%I < G, we 
have -4 ::< H(M) by (a). By Lemma 2, [A, OX’(M)] = 1. Since M z= Sop(M), 
-J”’ = .qs and SO AS <I ~11. If M1 is another maximal subgroup of G which 
contains S, then the same argument shows that AS o Al, . If Ml + M, then 
the maximality of M gives .P 4 G, which contradicts (b). Hence M is the 
unique maximal subgroup of G which contains S. 
(e) S n Z(M) f I. 
This follows from 1 - -3 *Z H(M) and Lemma 3. 
(f) Let J(S) be the Thompson subgroup of S (i.e., J(S) is the subgroup 
of S generated by all Abelian subgroups of S which have maximal order). 
Then S n Z(M) < S n Z(hTG(J(S))). 
Since J(S) is a characteristic subgroup of S, we have S < N&(S)). By 
(b) and (d), No(J(S)) < M. Then it follows from (e) that S n Z(M) < 
S n -WW(W 
(g) Op(hZ) == hfn OqG). 
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Let J f 1 be an element in S n Z(M), which is nontrivial by (e). Let 
X = <x;. . Since X is not normal in G by (b), we have M = -Vo(X). By (f), 
.1c E S n Z(N,(J(S))). Since p is odd, it follows from [3, Theorem A] that 
x is weakly closed in S. Therefore X is weakly closed in S. By the Hall-Wielandt 
theorem [4, p. 212]> we have 
O’)(M) = Op(IL’,(X)) = N,(X) n Ofl(G) = M n Op(G). 
We have O”(G) $1 1, for otherwise G is a p-group. By (c), G = AOp(G). 
Then it follows from (g) that 
AZ = A(M n OP(G)) = AOp(M). 
(i) =-1 i; Z(M). 
By (a) and Lemma 2, we have [-4, Or’(M)] == 1. Since -4 is Abelian, it follows 
from (h) that -4 < Z(M). 
(j) M n Mg =: 1 for any g E G - M. 
Suppose that M n MQ > 1 for some g E G - n/r. Let x =+ 1 be an element 
in M n Mg. Then it follows from (i) that (A, 11~) $6 C,(x). By (b), Co(~) < G. 
We show that Cc(x) < M. 
Let MI be a maximal subgroup of G which contains C,(x). Then 
[,4, O’(M,)] =-z 1 by (a) and Lemma 2. Let P be a Sylow p-subgroup of M, 
and T a Sylow p-subgroup of G such that --I + P < T. Assume that A is 
not normal in T. Since .-1 4 S by (i), it follows from a well-known result of 
Burnside (see, for example, [5, p. 4331) that there exists a p-subgroup R of 
G generated by conjugates of J and a q-element 4’ of G with q + p such that 
y E M,;(R) but -L’ $ C,(R). Since ‘,R, y\ << AT,(R) < G by (b) and R is generated 
by conjugates of -4, it follows from (a) and Lemma 2 that [R, y] == I. This 
contradiction shows that --I -3 T. Therefore A ~3 P. This together with 
[rl, O”(M,)] =~~ 1 !-ields -q 4 .&I, . It follows from (b) and the maximality 
of iZZ and 31, that -1, -7 211. Hence 
But then we have d < M-‘. Repeating the argument we have just used for 
M, t we get il/l’r-’ = M or M = MO, contrary to our choice of g. Hence 
M n Mu =~ I for any f E G -- M. 
(k) G does not exist. 
It follows from (j) and a well-known theorem of Frobenius that G contains 
a normal subgroup ,1’ such that G = MN and M n N ~= 1. (See, for example, 
[5, p. 4951.) The property (j) also implies that the orders of M and N are 
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relatively prime. Let q be a prime dividing / iV /. Then a Frattini argument 
shows that A normalizes some Sylow q-subgroup Q of N. But then AQ E VA(G). 
It follows from the hypothesis and Lemma 2 that [A, Q] = 1, contrary to (j). 
This final contradiction shows that the minimal counterexample does not 
exist and completes the proof of Theorem 1. 
COROLLARY I. Let G be a finite group. Let p be an odd prime and let g be a 
p-element of G. If [g, Op(B)] = 1 for every B E FCg)(G), then g E H(G). 
Proof. This follows from Lemma 2 and Theorem 1. 
COROLLARY 2. Let G be a finite group. Let p be an odd prime and let g be a 
p-element of G. Suppose that g lies in the hypercenter of every proper subgroup 
of G which contains g, but g $ H(G). Then G has the following properties. 
(a) n(G) = (p, q} for some prime q # p. 
(b) If g E O,(G), then O,(G) is a Sylow p-subgroup of G and a Sylow 
q-subgroup of G is cyclic. 
(4 If g 6 O,(G), then G/O,(G) 1 ras a normal SJJIOW q-subgroup KO,(G) 
and G := (g)K. 
Proof. (a) If ) m(G)] + 2, then g satisfies the hypothesis of Theorem 1 
and so g E H(G), contrary to the hypothesis. Hence m(G) = {p, q} for some 
prime q # p. 
(b) Suppose that g E O,(G). Let x be a q-element of G such that [g, X] + 1. 
Such an element exists because g $ H(G). Then G = (x) O,(G), for otherwise 
it follows from the hypothesis and Lemma 2 that [g, X] = 1. Clearly (x) 
is a Sylow q-subgroup of G. 
(c) Suppose that g qk O,(G). Let K/O,(G) be the largest normal q-sub- 
group of G/O,(G). If (g)K < G, then it follows from the hypothesis and 
Lemma 2 that [g, K] < O,(G), so that gE K by [5, Hilfssatz 6.5, p. 6901. 
But then we have g E O,(G), contrary to our assumption. Hence G = (g)K 
and K/O,(G) is a Sylow q-subgroup of G/O,(G). 
COROLLARY 3. Let G be a finite group. Let g be an element of order p in G. 
Suppose that 
(i) [x, g] is a p-element for every p-element x E G; and 
(ii) [y, g] is a p’-element for every p-element y E G. 
Then g E H(G). 
Proof. Assume first that p = 2. Then g is an involution. It follows from 
(i) and [6, Corollary 1, p. 1651 that g E O,(G). This together with (ii) implies 
that [g, O”(G)] = 1. Hence g E H(G) by Lemma 2. 
52 T. A. PENG 
Assume next that p is odd. We proceed by induction on / G / . We may assume 
that g lies in the hypercenter of every proper subgroup of G which contains g. 
Then it follows from Corollary 2 above that g E H(G) or that G is soluble. 
For a soluble group, (i) implies that gE O,(G) [6, Theorem 2, p. 1641. As 
above, this together with (ii) gives g E H(G). 
Remark. The conditions (i) and ( ii in Corollary 3 can be weakened con- ) 
siderably and we still obtain g E H(G). (See [6, Lemma 3, Theorem 2, p. 1631). 
Also if p is odd, Corollary 3 is valid for any p-element of G. 
5. PROOF OF THEOREM 2 
Let --l be a subgroup of G such that d n B < H(B) for every B E%‘(G). 
W’e prove that .g :z H(G) by induction on I G ) + ! 9 1. We may assume 
that A # 1. 
Let x(/l) = (p, ,..., p,>. Assume that I > 1. Let Ji be a Sylow pi-subgroup 
of *-I. Then for every B E 9?(G) we have 
-4i n B :;‘, A n B < H(B). 
Since / Bi 1 < ) 9 1, it follows by induction that Bi 5:: H(G). Hence .-J < H(G). 
Therefore we may assume that .;1 is a p-subgroup of G. Suppose that 
; *4 / > p. Let D + 1 be a proper subgroup of -4. Then the same argument 
as above gives D << H(G). Let N be the Sylow p-subgroup of H(G). Then 
1 ti D < N Q G. Let B/N E ‘%(G/N). We have 
AN/h’n B/N := (-4 n B)Njh’ :$ H(R)N/N < H(B/N). 
Thus AN/A’ satisfies the hypothesis of the theorem with respect to G/N. 
By induction, we have AN/N < H(G/N). Let L/N :- H(G/N). Then L is a 
soluble normal subgroup of G. By Lemma 4, .q < H(L). Since H(L) CI G, 
AC is a p-subgroup of G. Now the argument of Lemma 4 yields A < H(G). 
So we may suppose that / ,4 ; = p. The hypothesis implies that A -< H(B) 
for every B E Y?‘,(G). We consider two cases: 
(1) p :.-- 2. Since =1 is Abelian, we have _J I:< H(B) by Theorem I. 
(2) p =: 2. Let Aq == (a?. Then n is an involution. Let a” be any con- 
jugate of a in G. Then <a, az:.. is a dihedral group [5, p. 1351 and therefore 
soluble. It follows from Lemma 4 that both a and a” lie in the hypercenter 
of <a, a”>. Hence (~a, &) is a 2-subgroup. Since N is arbitrary, it follows from 
a result of Baer that a E O,(G). (See [6, p. 1631 for a short proof of Baer’s result.) 
Therefore .P is a 2-subgroup. The argument of Lemma 4 now gives -4 :Y H(G). 
This completes the proof. 
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As an immediate consequence of Theorem 2 we obtain the following charac- 
terization of the hypercenter of a finite group. 
COROLLARY 4. Let G be a Jinite group. The hypercenter H(G) is the largest 
subgroup X of G such that S n B < H(B) for ever?! B E K(G). 
The next corollary gives an interesting application of Theorem 2. 
COROLLARY 5. -4 jinite group G is nilpote-nt if and on& tf every subgroup 
in B(G) is nilpotent. 
Proof. This follows from Theorem 2 by putting rl = G. 
We obtain at once from Corollary 5 the following well-known result. (See 
[5, p. 2801 for an elementary proof.) 
COROLLaRY 6. Let G be a finite group. Suppose that every proper subgroup 
of G is nilpotent. Then either G is nilpotent or / r(G)1 = 2; consequently, G is a 
soluble group. 
Proof. If 1 r(G)1 f 2, then G g+?(G), so that all the subgroups in E(G) 
are nilpotent. By Corollary 5, G is nilpotent. 
6. OTHER RESULTS 
In the proof of Theorem I we make use 01 the condition p > 2 only in 
establishing (g). \Vhen p = 2, we cannot deduce from s E S n Z(Nc(J(S))) that 
x is weakly closed in S. However, if in addition to x E S n Z(N,(J(S))) we 
assume that G is &free (i.e., there are no subgroups L and K of G with 
K Q L such that L/K is isomorphic to Z; , the symmetric group of degree 
four), then [3, Theorem A] states that x is weakly closed in S. Thus we can 
include the casep = 2 in Theorem 1 if we assume that G is .Xa-free. But thanks 
to another theorem of Glauberman [2, Theorem 3, p. 4121 we can prove a more 
general result. 
THEOREM 3. Let G be a finite group. Let ,-I be a 2-subgroup of G. Suppose 
that A < H(B) for every B E %.d(G). Assume that G is &free. Then A < H(G). 
Proof. Let G be a minimal counterexample. Then as in the proof of 
Theorem 1 we may assume that G has the following properties. 
(a) rl lies in the hypercenter of every proper subgroup of G which 
contains A. 
(b) G has no nontrivial soluble normal subgroup. 
(c) G = AK for any normal subgroup K f 1 of G. 
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(d) If S is a Sylow 2-subgroup of G which contains A, then S lies in a 
unique maximal subgroup M of G. 
(e) S n Z(M) f 1. 
(f) S n Z(M) G S n .WGW))). 
We now derive a contradiction from (a)-(f). 
It follows from (e) and (f) that there exists an element x f 1 in Sn Z(N,(J(S))). 
By [3, Theorem A] x is weakly closed in S. Let K be the largest normal subgroup 
of odd order in G. Then [2, Theorem 31 gives xK E Z(G/K). If K = 1, then 
.V E Z(G), which contradicts (b). Th us K # 1. By (c), we have G == AK. 
Since the orders of A and K are relatively prime, a Frattini argument shows 
that A normalizes a Sylow q-subgroup of K for every prime q dividing 1 K I. 
It then follows from the hypothesis and Lemma 2 that A centralizes each 
of these Sylow subgroups of K. Hence [A4, K] = 1. By Lemma 1, we have 
A < H(G), h’ h w rc contradicts the minimality of G. This completes the proof. 
Theorem 3 is false without the assumption that G is &-free. (See Section 7.) 
THEGREM 4. Let G be a jinite group and let S be a Sylow p-subgroup of G. 
Suppose that S < H(B) for every B E %?JG). Assume that p is odd, or that S 
has class at most 2, or that G is &free. Then S < H(G). 
Proof. If p =: 2 and G is &free, then S < H(G) follows from Theorem 3 
above. 
Assume, therefore, that p is odd or that S is a 2-subgroup of class at most 2. 
Let G be a minimal counterexample. Then as in the proof of Theorem 1 we 
may assume that G has the following properties. 
(a) S lies in the hypercenter of every proper subgroup of G which 
contains S. 
(b) G has no nontrivial soluble normal subgroup. 
We derive a contradiction from (a) and (b). 
Let M be a maximal subgroup of G which contains S. Then S < M. For 
if S = M, then it follows from the Deskins-Janko-Thompson theorem [5, 
p. 4451 that G is soluble. This is contrary to (b). Since M is not a p-subgroup, 
1 M ( is divisible by a prime q f p. Let Q be a Sylow q-subgroup of M and 
let T be a Sylow q-subgroup of G which contains Q. Suppose that Q < T. 
Then Q < NT(Q) < NC(Q), so that N,(Q) < M. By (b), NC(Q) < G. Since 
S is a Sylow subgroup of G, we have S Q L for any subgroup L of G such 
that S < H(L). Thus it follows from (a) that S Q M and S Q NC(Q). Since 
M is maximal and Nc(Q) < M, we have S Q (AZ, NC(Q)) = G, which 
contradicts (b). Hence Q = T is a Sylow q-subgroup of G and No(Q) < M. 
Let x and y be elements of S such that ~9 = y for some g E G. Since both 
x and y lie in C,(Q), Q and Q are Sylow q-subgroups of C,(y). Hence there 
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exists an element h E C,(y) such that Q”” = Q. It follows that @r E No(Q) < M 
and so we have 
$h = y” z= y. 
Since M = SOD(M) and [S, On(M)] = I, there exists an element z E S such 
that x2 = y. By [5, Satz 4.9, p. 4321, G contains a normal subgroup K such 
that G = SK and S n K = I. An argument similar to that of Theorem 3 
gives S < H(G). This contradicts the minimality of G and completes the proof 
of the theorem. 
It is an easy consequence of the Schur-Zassenhaus theorem [5, p. 1261 
and Lemma 2 that a Sylow subgroup S of a finite group G lies in H(G) if and 
only if S is a direct factor of G. Therefore, Theorem 4 may also be stated in 
the following form. 
THECREM 4’. Let G be a finite group and let S be a Sylow p-subgroup of G. 
Suppose that S is a direct factor of every B E ‘X’s(G). Assume that p is odd, OY 
that S has class at most 2, or that G is &-free. Then S is a direct factor of G. 
m:e end this section with two more results which can be proved in exactly 
the same way as [5, Satz 5.5, p. 435; Satz 5.3, p. 2831. We omit the details. 
THEOREM 5. Let G be a finite group. Suppose that every element of order p 
in G lies in H(G). Assume that p is odd or that all elements of order 4 in G also 
lie in H(G). Then G is p-nilpotent (i.e., G has a normal subgroup N of order prime 
to p such that G/N is a p-group). 
COROLLARY 7. A finite group G is nilpotent ;f and onb if H(G) contains 
all minimal subgroups of G and also all cyclic subgroups of order 4 sf ] G 1 is even. 
7. EXAMPLES 
Let G be the simple group PSL(2, 17). Let S be a Sylow 2-subgroup of G. 
Then S is a dihedral group of order 16 and therefore has class 3. Also S is a 
maximal subgroup of G. Thus Vs(G) = {S}. As to be expected, G contains 
a subgroup isomorphic to ,& . (For all these facts, see [5, p. 2131.) This example 
shows that when p = 2 the assumptions on G or S in Theorems 3 and 4 cannot 
be omitted. 
Our next example is similar. Let G be the simple group PSL(2,31). Let S 
be a Sylow 2-subgroup of G. Then S is a dihedral group of order 32 and there- 
fore contains a cyclic subgroup A of order 16. Checking through the list of 
subgroups of PSL(2, 31) in [5, p. 2131, we find that V”(G) = {S]. (S is also 
a maximal subgroup of G in this case.) This example shows that Theorem 1 
is false for p = 2. 
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